In this paper we derive an enumeration formula for the number of hypermaps of a given genus g and given number of darts n in terms of the numbers of rooted hypermaps of Combin. Theory B 43 (1987) 275-286] for g = 1. We apply our general counting formula to derive explicit expressions for the number of unrooted spherical hypermaps and for the number of unrooted toroidal hypermaps with given number of darts. We note that in this paper isomorphism classes of hypermaps of genus g ≥ 0 are distinguished up to the action of orientation-preserving hypermap isomorphisms. The enumeration results can be expressed in terms of Fuchsian groups.
Introduction
An oriented map is a 2-cell decomposition of a closed orientable surface with a fixed global orientation. Generally, maps can be described combinatorially via graph embeddings. Oriented hypermaps are generalisations of oriented maps. While maps are 2-cell embeddings of graphs, hypermaps can be viewed as embeddings of hypergraphs in closed orientable surfaces. Such a model was investigated by Walsh in [29] , where the underlying hypergraph is described via the corresponding 2-coloured bipartite graph B, and the hypermap itself is determined by a 2-cell embedding B → S.
By a map we mean a 2-cell decomposition of a compact connected surface. Enumeration of maps on surfaces has attracted a lot of attention during the past decades [20] . Generally, problems of the following sort are considered: Problem 1. How many isomorphism classes of maps with a given property P and a given number of edges (vertices, faces) are there?
The beginnings of the enumerative theory of maps are closely related to the enumeration of plane trees considered in 1960s by Tutte [26] and Harary, Prins and Tutte [7] (see [8, 21] as well). Later many other distinguished classes of maps including triangulations, outerplanar, cubic, Eulerian, nonseparable, simple, loopless, two-face maps etc. were considered. Although there are more than 100 published papers on map enumeration most of them deal with the enumeration of rooted maps with a given property. In particular, there is a lack of results on enumeration of unrooted maps of genus ≥ 1. Most of the results on map enumeration in the unrooted case are restricted to planar maps [14, 15, 30, 31, 16] . A recent paper [23] presents a breakthrough in the enumeration problem for unrooted maps of genus ≥ 1. In the present paper we apply the methods employed in [23] to solve an analogous problem for hypermaps.
The problem considered in this paper reads as follows.
Problem 2. What is the number H g (n) of isomorphism classes of oriented unrooted hypermaps of given genus g and given number of darts n?
An oriented map is called rooted if one of the darts (arcs) is distinguished as a root. By a dart of a map we mean an edge endowed with one of the two possible orientations. Isomorphisms between oriented rooted maps take root onto root. A rooted variant of Problem 2 follows.
Problem 3.
What is the number h g (n) of isomorphism classes of oriented rooted hypermaps of given genus g and given number of darts n? Problem 3 was solved by Walsh in 1975 [29] for g = 0, i.e. for the spherical case. A corresponding case of Problem 2 for g = 0, was settled by Bousquet-Mélou and Schaeffer in terms of planar 2-constellations in 2000 [3] . As concerns genera g ≥ 1, the solution of Problem 3 was obtained by Arqués for g = 1 [2] , the other instances of Problem 3 remain unsettled.
The aim of the present paper is to show that Problem 2 can be reduced to Problem 3. More precisely, we prove that the numbers of unrooted oriented hypermaps with n darts and given genus g can be determined explicitly whenever the numbers h γ (m) are known for each m|n and γ ≤ g (see Theorem 3.5 for details). Since h γ (m) are known for γ = 0, 1 we are able to determine the numbers H 0 (n) and H 1 (n) in terms of arithmetic functions depending on n. All the derived results can be expressed in group-theoretical language. Namely, the numbers h g (n) determine the numbers of subgroups of index n and genus g of a free group of rank two, seen as the universal triangle group ∆ + (∞, ∞, ∞) = x, y, z|xyz = 1 ; while H g (n) give the numbers of conjugacy classes of such subgroups. Note that conjugacy classes of subgroups of free groups of given index were enumerated by Liskovets [17] (see [13, 25] as well). Let |D| = n. Denote by v, e and f the numbers of hypervertices, hyperedges and hyperfaces. Then the genus g of H is given by the Euler-Poincare formula as follows By a surface we mean a connected, orientable surface without boundary. A topological map is a 2-cell decomposition of a surface. Usually, maps on surfaces are described as 2-cell embeddings of graphs. Oriented combinatorial maps are hypermaps (D; R, L) such that L is a fixed-point-free involution. Walsh observed that oriented hypermaps can be viewed as particular maps. Namely, he proved a one-to-one correspondence [29, Lemma 1] between hypermaps and the set of (oriented) 2-coloured bipartite maps. That means that one of the two global orientations of the underlying surface is fixed, and moreover, we assume that a colouring of vertices, say by black and white colours, is preserved by morphisms between maps. The correspondence is given as follows. Let M be 2-coloured bipartite map on an orientable surface S with a fixed global orientation. We set D to be the set of edges of M. The orientation of S induces at each black vertex v of M a cyclic permutation R v of edges incident with v. This way a permutation R = R v of D is defined. Similarly, the orientation of
Hypermaps on orbifolds
Hence we have a unique hypermap (D; R, L) corresponding to M. Conversely, given hypermap (D; R, L) we first define a bipartite 2-coloured graph X whose edges are elements of D, black vertices are orbits of R and white vertices are orbits of L. An edge x ∈ D is incident to a (black or white) vertex u if x ∈ u. The permutations R and L induce local rotations of arcs outgoing from black and white vertices, respectively.
It is well known (see Gross and Tucker [6, Section 3.2] ) that the system of rotations determines a 2-cell embedding of X into an orientable surface.
Similarly as above, an oriented 2-coloured bipartite map is called rooted if one of the edges is selected to be a root. Morphisms between rooted 2-coloured bipartite maps take a root onto a root.
There is yet another way to describe hypermaps. Let H = (D; R, L) be a hypermap. Clearly, the permutation group R, L is an epimorphic image of the free product ∆ + = C * C ∼ = ρ * λ of two infinite cyclic groups. The group ∆ + acts on D via the epimorphism taking ρ → R and λ → L. Thus by using some standard results in permutation group theory each hypermap can be described by a subgroup F ≤ ∆ + [11, 27, 28, 5] :
+ the corresponding hypermap can be constructed as an
} is the set of left cosets, and the actions of + is a thrice punctured sphere and H 2 /F is a punctured orientable surface whose genus g coincides with the genus of the corresponding hypermap.
We summarise the above discussion in the following propositions. Part (1) ⇔ (2) follows from Walsh [29] . Part (2) ⇔ (3) is in [11, 4] .
By definition isomorphic hypermaps have conjugate hypermap subgroups. Hence isomorphism classes of hypermaps correspond to conjugacy classes of subgroups. 
Maps and hypermaps on orbifolds. Given regular covering ψ : H → K, let x be a hypervertex, hyperface or a hyperedge of K. Let H be of genus g, K be of genus γ and let G ≤ Aut(H ) be a covering transformation group. The ratio of degrees
is a lifting of x along ψ, will be called a branch index of x. By transitivity of the action of the group of covering transformations, a branch index is a well-defined positive integer not depending on the choice of the liftx. Hence b is a well-defined integer function defined on the union (1) no branch point x ∈ B lies on an edge, (2) each face contains at most one branch point x ∈ B.
The operation associating a 2-coloured bipartite map to a hypermap is functorial. In particular the signature of an orbifold associated with a regular covering of hypermaps coincides with the signature of an orbifold determined by the corresponding regular covering of Walsh's 2-coloured bipartite maps. Note also that a regular covering ψ : H → K, extends (uniquely) to a regular covering S g → S g /G, where g is the genus of H and G is the group of covering transformations.
Let O be an orbifold with signature [γ ; 
The general counting formula
The following theorem is the main result of [22] . 
In fact, a slight modification of the proof allows us to generalise the above statement to subsets of subgroups of given index closed under conjugacy. Let P be a set of subgroups of a finitely generated group Γ closed under conjugation. Denote by Epi P (K , Z ) the number of epimorphisms K → Z with the kernel in P .
Hence we have the following Theorem 3.2. Let Γ be a finitely generated group. Let P be a set of subgroups of Γ closed under conjugation. Then the number of conjugacy classes of subgroups of index n in P is given by the formula
A group epimorphism is called order-preserving if it preserves the orders of elements of finite order. Given a closed orientable surface S g of genus g and a cyclic orbifold O = S g /Z we denote by Epi 0 (π 1 (O), Z ) the number of order-preserving epimorphisms π 1 (O) → Z . The following theorem gives a general counting formula for the numbers of unrooted hypermaps of given genus.
Theorem 3.3. Let S g be a closed orientable surface of genus g. Let h O (m) be the number of rooted hypermaps with m darts on a cyclic orbifold O = S g /Z .

Then the number of unrooted hypermaps of genus g having n darts is
where the second sum runs through all admissible cyclic orbifolds S g /Z .
Proof. Given S = S g , let P = P g be the set subgroups of genus g of ∆ + = T (∞, ∞, ∞). By Propositions 2.1 and 2.2 rooted hypermaps on S correspond to subgroups in P , and isomorphism classes of unrooted hypermaps on S correspond to conjugacy classes of subgroups in P . Setting Γ = ∆ + in Theorem 3.2 we get
A given epimorphism ψ : K → Z with kernel H ∈ P determines a regular covering of algebraic hypermaps ψ * :
K with the group of covering transformations isomorphic to Z . Let σ be the signature of the orbifold O = O(σ ) = S g /Z determined by the covering of hypermaps. Then the set of epimorphisms ψ : K → Z with Ker(ψ ) = H ∈ P splits into classes characterised by the signatures of the cyclic orbifolds O = S/Z . Denote by Epi σ (K , Z ) the number of epimorphisms K → Z with kernel H ∈ P and quotient orbifold O = S/Z with signature σ . We set P σ = {K |K < ∆ + , Epi σ (K , Z ) = 0}. It is well known that the group ∆ + acts on the universal covering surface H 2 as a discontinuous group of conformal automorphisms. This enables us to introduce the structure of Riemann surface (as well as the orbifold structure) on the [12] for a more detailed explanation). We will show that Epi σ (K , Z ) = Epi 0 (Γ (σ ), Z ). Given K ∈ P σ we calculate the number of regular Z -coverings H 2 /H → H 2 /K with H K and H ∈ P . By Jones [10] there are Epi σ (K , Z )/ϕ( ) such coverings. On the other hand, we have Epi
with the signature σ [10] . By virtue of the one-to-one correspondence these numbers coincide. Hence, we have Epi σ (K , Z ) = Epi 0 (Γ (σ ), Z ) as required. Given m, and σ denote by ν σ (m) the number of subgroups K < ∆ + in P (σ ) and by Sign(S g /Z ) the set of signatures of cyclic g-admissible orbifolds. We have Given integers x 1 , x 2 , . . . , x q and y ≥ x 1 + x 2 + · · · + x q we denote by
x j ! , the multinomial coefficient.
Proposition 3.4. The number of rooted hypermaps on an orbifold O
Proof. Let H be a rooted hypermap on S γ with v hypervertices, e hyperedges and f hyperfaces. Then H gives rise to as many rooted hypermaps as the number of partitions of the set
into disjoint subsets of cardinalities q 1 , q 2 , . . . , q . This is exactly the number
Combining Proposition 3.4 and Theorem 3.3 we get our main theorem.
Theorem 3.5. The number of unrooted hypermaps on a closed surface S g of genus g with n darts is given by
where the second sum runs through all cyclic orbifolds S g /Z .
Note that the numbers Epi 0 (π 1 (O), Z ) were computed by the authors in [23] in terms of some standard arithmetical functions. The following section surveys results on Epi 0 (π 1 (O), Z ).
Number of epimorphisms from an F -group onto a cyclic group
As one can see from Theorems 3.3 and 3.5, to derive an explicit formula for the number of unrooted hypermaps with given genus and given number of darts one needs to deal with the numbers Epi 0 (π 1 (O), Z ) of order-preserving epimorphisms from an F -group Γ onto a cyclic group Z . These numbers are counted using some number-theoretical machinery in [23] .
In what follows we recall some relevant results used in later computations.
Denote by µ(n), φ(n) and Φ(x, n) the Möbius, Euler and von Sterneck functions, respectively. The relationship between them is given by the formula
where (x, n) is the greatest common divisor of x and n. It was shown by O. Hölder that Φ(x, n) coincides with the Ramanujan
). For the proof, see Apolstol [1, p.164] and [24] . An arithmetic function, called by Liskovets the orbicyclic arithmetic function [18] , is a multivariate integer function defined in [23] by
Recall that the Jordan multiplicative function φ k (n) of order k can be defined as follows:
The following proposition is proved in [23] . 
is a surface group of genus γ we have
We note that the condition m| in the above proposition gives no essential restriction, since Epi 0 (Γ , for practical use it is more convenient to employ the following result by Harvey [9] . The Wiman theorem ensures us that 1 ≤ ≤ 4g + 2 for g > 1. Explicit lists of cyclic orbifolds on surfaces of genus 2 and 3 can be found in [23] . Table 1 Numbers of rooted and unrooted hypermaps on the sphere with at most 30 darts.
Counting unrooted spherical hypermaps
In this section we apply the above results to calculate the number of unrooted hypermaps with given number of darts on the sphere. The numbers of rooted and unrooted spherical hypermaps with up to 30 darts is given in Table 1 .
We note that the numbers H 0 (n) were determined in terms of unrooted planar 2-constellations formed by n polygons by
Bousquet-Mélou and Schaeffer [3] . Enumeration of self-dual spherical hypermaps. It is well known that a spherical map is Eulerian if and only if its dual map is bipartite. It follows that there is a one-to-one correspondence between isomorphism classes of oriented bipartite spherical maps and oriented Eulerian spherical maps. Following [16] we denote by E + O (n) the number of isomorphism classes of oriented Eulerian spherical maps with n edges. These numbers were determined in [19] . A formula for the difference Inserting the above numbers into (6.2) we get the statement.
The following list containing the numbers of rooted and oriented unrooted maps of genus 1 up to 30 edges follows. Tables 1 and 2 were computed using MATHEMATICA, Ver. 5. The input numbers of rooted maps come from [2] .
